Controlling light at the level of individual photons has led to advances in fields ranging from quantum information and precision sensing to fundamental tests of quantum mechanics. A central development that followed the advent of single photon sources was the observation of the Hong-OuMandel (HOM) effect, a novel two-photon path interference phenomenon experienced by indistinguishable photons. The effect is now a central technique in the field of quantum optics, harnessed for a variety of applications such as diagnosing single photon sources and creating probabilistic entanglement in linear quantum computing. Recently, several distinct experiments using atomic sources have realized the requisite control to observe and exploit Hong-Ou-Mandel interference of atoms. This article provides a summary of this phenomenon and discusses some of its implications for atomic systems. Transitioning from the domain of photons to atoms opens new perspectives on fundamental concepts, such as the classification of entanglement of identical particles. It aids in the design of novel probes of quantities such as entanglement entropy by combining well established tools of AMO physics -unity single-atom detection, tunable interactions, and scalability -with the Hong-Ou-Mandel interference. Furthermore, it is now possible for established protocols in the photon community, such as measurement-induced entanglement, to be employed in atomic experiments that possess deterministic single-particle production and detection. Hence, the realization of the HOM effect with atoms represents a productive union of central ideas in quantum control of atoms and photons.
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More particles or more modes The Hong-Ou-Mandel (HOM) effect [1] is a twoparticle interference phenomenon, wherein two indistinguishable bosonic particles are interfered on a beamsplitter, and the particles always emerge on the same, but random output port (Fig. 1 ). In the original HOM experiment, two single photons were sent into each port of a balanced beamsplitter, and the population of the output ports was measured with single-photon detectors. The experimenters quantified the probability for joint detection at the two detectors, that is, the likelihood that both detectors click within a small time window [1] . Classically, one might compare the experiment to flipping two independent coins, where each coin represents a photon and the coin faces represent the output port on which the photon emerges. Quantum mechanics dictates that photons indistinguishable in all degrees of freedom besides the initial mode they occupy will always emerge on the same output port, akin to the two independent coins always landing identically. Experimentally, the quantum mechanical outcome leads to the "Mandel dip" in the joint detection probability, which ideally extends to zero as the photons are tuned to impinge on the beamsplitter at exactly the same time. The effect is traced to the bosonic nature of the photons, and a resulting destructive interference of the paths that yield joint detection. If photons were fermionic, Pauli exclusion would prevent the particles from being in the same mode and lead to a preponderance of joint detections at the output ports. The HOM effect plays an important role in quantum optics and quantum information. It has become one of the textbook examples of an observed quantum interference phenomenon that cannot be explained by semiclassical theory. Further, it is a standard technique for characterizing single-photon sources and is the key component of linear optical quantum computation protocols [2] . Generalization of the HOM effect to manyparticle and many-mode interference leads to computationally complex situations such as the boson sampling problem [2, 3] . In recent years, a number of systems beyond optical photons have come to observe Hong-OuMandel physics. Microwave-photons and phonons in ion traps have demonstrated the HOM effect [4, 5] ; electrons have realized the fermionic counterpart to HOM [6] ; and, Rydberg interactions in ensembles have been used to realize HOM interference of collective excitations [7] . Further, as is a focus of this article, atoms can serve as "single particle sources" in analogy to "single photon sources" used in the HOM effect.
The challenge in realizing the HOM effect with atoms is placing the particles in equivalent modes, defined by both motion and spin, and realizing effective atomic beamsplitters. In one paradigm, atoms are held in separate potential wells, such as in an optical lattice or a doublewell formed by focused laser beams known as optical tweezers. Tunneling between the potential wells then acts as an effective beamsplitter. Pairs of trapped atoms in the required pure single-particle states can be prepared independently, as for example in experiments in which individual 87 Rb atoms were laser-cooled to their motional ground state [8] . Alternatively, the atoms can be prepared collectively, as in optical lattice experiments in which a Mott insulator is created via a phase transition from a superfluid and observed with a quantumgas microscope [9, 10] . A second paradigm uses freelypropagating atom sources. Experiments utilizing ultracold 4 He atoms have created twin beams that can be interfered with tunable temporal overlap, in analogy to the original HOM photonic beamsplitter [11] .
In addition to state preparation of individual atoms, the observation of the HOM effect with atoms requires achieving negligible atom-atom interactions by appropriately tuning the atomic scattering length or confinement. Manipulating non-interacting atoms not only allows the exploration of the HOM effect, but opens an entire paradigm for creating entangled quantum states that use measurement instead of interaction. These ideas have long been explored in the context of linear optics with single photons. Such experiments feature a surprisingly rich space that can result from combining projective measurement with only linear elements such as beamsplitters and waveplates [2] . On the other hand, trapped atoms offer controllability that may enable explorations that are difficult with photons -for example exploration of the role of quantum statistics on distant atoms through interchange of two particles [12] .
We have multi-fold goals for this article. We would like to provide a background on optical HOM experiments for the atomic physics community; there are interesting parallels between the HOM effect experiments that have now been performed with atoms and those with photons. For a rounded understanding of the HOM effect, it is useful to realize that the HOM effect incorporates both coherent superposition of paths (modes) with single-photon inputs and the bosonic nature of photons [13] , which demands proper wavefunction symmetrization. As such, the HOM effect is an excellent thought experiment for understanding entanglement in the presence of symmetrization. One potential misconception is to assume that symmetrization automatically implies entanglement due to the nonseparability of the symmetrized wavefunction. We review one formalism that helps clarify the apparent contradiction, namely, the presence of non-separability but the absence of the quantum fluctuations fundamental to entanglement [13] [14] [15] [16] [17] [18] .
Further, the HOM effect is only the simplest case of richer types of many-particle interference, in which more particles and more modes participate. Those have been the subject of considerable studies in the optics community, both theoretically [19] [20] [21] and experimentally [22] [23] [24] [25] [26] [27] [28] . Atomic systems seem particularly well-suited to future studies of many-particle interference by combining the toolset required for two-particle quantum interference (the HOM effect) with the scalability and measurement techniques endemic to cold atomic sources. While the topic of fully general multipartite entanglement characterization is beyond the scope of this article, we present a basic delineation between the kinds of entanglement present in two-particle quantum states of identical particles.
Lastly, while photons in vacuum are non-interacting, atoms of course can interact, and their interactions can play an important role in experiments. It is thus useful to study how interactions affect many-particle interference, the range of entangled states that can be created with interactions, and how the HOM effect can be used to characterize the emergent many-body states. Already experiments with ultracold atoms in lattices have taken the concept of HOM beyond two particles: Interfering copies of a quantum state have been used to quantify entanglement entropy of an interacting gas [29, 30] , and to study quantum thermalization through entanglement [31] .
II. EXPERIMENTS A. Photon HOM experiments and photon sources
The HOM effect, and its name, come from an experiment with single photons created via parametric downconversion in which a single pump photon is split into a pair of lower-frequency photons [1] . The original experiment was titled "Measurement of sub-picosecond time intervals between two photons via interference". The technique used quantum interference to determine if two photons impinged simultaneously upon the beamsplitters and hence were indistinguishable in their arrival times. The photons used in HOM's experiment were so-called twin pairs of entangled photons. If these pairs are permutation symmetric one sees the bosonic HOM-effect, but on the other hand if one uses bosons entangled in another degree of freedom with anti-symmetric spatial wave-functions, they will leave in different ports as if they were fermions [32, 33] . One of the most important aspects of the the Hong-Ou-Mandel effect is the fact that it is a quantum phenomenon that does not require the incident bosonic particles be correlated to begin with; indistinguishability is all that is required. The photons can originate completely independently and the HOM effect still persists. Following the original HOM experiment, efforts were made to realize the effect with independent photon sources. This was first explored in experiments of Ref. [34] and after it many subsequent experiments have been carried out [35] [36] [37] . For one particularly elucidating example, the HOM effect has been observed by creating two independent photons via radiation decay from two separately trapped atoms [38] .
B. Single-atom sources
Since the realization of Bose-Einstein condensation [41] , ultra-cold atom experiments have become a useful laboratory for the investigation of the role of quantum statistics and indistinguishability in the behavior of many-particle systems. Atom optics phenomena such as the atom laser [42, 43] and the Hanbury Brown and Twiss effect with gases of bosons were realized within a decade of Bose-Einstein condensates (BEC) [44] [45] [46] [47] . Recently increasing interest has turned to single-atom imaging and control. In optical lattices, tunneling dynamics of individual atoms can be observed in quantumgas microscopes [9, 48] , and a variety of studies in which both interactions and quantum statistics play a role have been realized [49] . In this article we will discuss different platforms that have achieved the single-atom control and pure state preparation required for realizing the HOM effect. Those include laser-cooled optical tweezer arrays, optical lattices, and twin-pair sources from BECs. These systems and state preparation therein are summarized in Fig. 2 . In the following sections we discuss how the HOM effect has been observed in these different physical platforms.
C. HOM effect with tunneling atoms
An atomic beamsplitter, as required for the HOM effect with atoms, can be realized by tunneling between closely-spaced potential wells, such as the double-well shown in Fig. 3(b) , which forms the minimal setup for observing the HOM effect in a bound system. Due to the tunnel-coupling, the energy-eigenstates are coherent superpositions of the ground states of each potential well |L and |R . An initially prepared atom in the left well evolves into a coherent superposition of the form |L → cos(Jt) |L + i sin(Jt) |R , where J is the tunneling rate. Stopping the evolution at a specific time t HOM = π/4J yields an equal superposition associated with an effective 50 − 50 beamsplitter (R = T = 1/2). A microscope was used to individually observe atoms loaded from a Bose-Einstein condensate into a two dimensional lattice and to image their quantum random walk trajectories (portions of figure taken from Ref. [10] ). (b) Atoms in optical tweezers. Individual neutral atoms were laser-cooled to their ground state [39] using alternating Raman sideband transitions and optical pumping (OP) between two hyperfine states. Optical tweezers were then used for real-time spatial positioning of the atoms (right images) and individual atom imaging. (c) A twin-pair source of 4 He. Twin-pairs were produced by a four-wave mixing process. Multichannel detection (left) enabled spatio-temporal imaging and to probe the two-dimensional momentum distribution of the atom pairs (right). Images from Ref. [40] .
Position-resolved single-atom detection then plays the role of photon detection at output ports of the beamsplitter.
In Ref. [8] , two optical tweezers were used to create a double-well potential in which a single atom was initialized on each well. The experiment employed groundstate laser cooling in order to control all degrees of freedom of two independently prepared 87 Rb atoms [39, 50] . The trapping parameters were set to realize a sufficiently small ratio of interaction to tunneling and the atomic spin used as a knob to tune distinguishability. In analogy to polarization of photons, a Mandel dip was observed via rotation of the relative spin state [8] . The observation of the HOM effect in the experiment demonstrated the capability to create indistinguishable, and hence pure atomic quantum states in both motion and spin, and showed that quantum statistics can strongly determine the interference properties of laser cooled atoms individually placed in their motional ground-state.
Experiments in optical lattices offer another way to initialize single bosons for observing quantum interference of single atoms. In fact, the use of optical lattices for the observation of the HOM effect has long been considered [51] [52] [53] . In recent successful efforts a Mott-insulator transition [54] was used to create a uniformly-filled array of bosons. Via lattice manipulations and quantum-gas microscopy single-atoms were interfered, and the particle number measured on individual sites after interference. The interference protocol consisted in decreasing the lattice depth to allow particles to tunnel and thus to perform a random walk. In the regime where interactions were made smaller than tunneling, interference phenomena arising from quantum statistics and closely-related to HOM were observed [10] . Quite recently, a generalized form of HOM was employed to study entanglement in ground state and non-equilibrium Bose-Hubbard systems [30, 31] .
D. HOM effect with twin-pair source
Early ultracold-atom experiments probed densitydensity correlations in momentum distributions of expanding Bose or Fermi gases of alkali atoms and analyzed them using similar methods to typical photonphoton correlation experiments [55] [56] [57] . Experiments using metastable helium atoms, which provide unique spatio-temporal resolution through microchannel plate detection, were particular fruitful in developing atom optics experiments. Using both bosonic and fermionic helium species [44, 46] these experiments observed the Hanbury Brown and Twiss (HBT) effect [58] [59] [60] [61] .
More recently it was demonstrated that metastable helium can be used also to create a direct source of atom pairs for the HOM effect [11] . The experiment started with a Bose Einstein condensate of helium atoms in the metastable 1s2s 3 S 1 internal state. A moving optical lattice created twin atom pairs in analogy to spontaneous four-wave mixing of optical fields [ Fig. 2(c) ]. Using another optical lattice, the modes for each of the twin beams were coherently superposed on an effective beam-splitter via Bragg diffraction [ Fig. 3(c) ]. The timing of this effective beam-splitter process tuned the temporal overlap, and, hence, the atom distinguishability in analogy to the physical configuration of the original photonic HOM experiment. In those experiments, as in the optical tweezer and lattice-based experiments, the presence of the HOM effect required the realization of an effective beam-splitter and the preparation of indistinguishable bosonic atoms. Recent experiments have also expanded to two particles and four modes [62] .
III. EXPLANATION OF THE HONG-OU-MANDEL EFFECT AND MANY-PARTICLE INTERFERENCE
One of the points we would like to make clear in our discussion of the HOM effect is the relation both to the statistical bosonic enhancement of multiply occupied singleparticle states and the coherent superposition of paths. In this light, we will introduce the HOM effect by first discussing single-particle interference, then two-particle interference of the HOM effect, and then many-particle interference.
The superposition principle in quantum mechanics is most immediately illustrated using a single particle that is prepared in a superposition of two distinct spatial states, supported by different modes -for example, in a double-slit experiment or in a Mach-Zehnder interferometer. Although the superposition principle is typically discussed in the context of single-particle states, it applies equally well to states of two or more parti-
jn |0 are two n-particle states, then so is any coherent superposition of these two states. Just like coherent superpositions of single particle states give rise to interference that manifests itself in single particle observables, coherent superpositions of n-particle states give rise to interference phenomena in n-particle space. The most immediate paradigm for an observable consequence of manyparticle interference is the HOM effect [1] , in which correlations in particle-like events are governed by wave-like interference in the high-dimensional many-particle space. Many-particle interference comes hand-in-hand with the particular particle statistics; typically, bosons interfere in a different way than fermions do.
A. One particle: Single-particle interference
To develop some intuition, let us first establish some basic ideas and concepts of single particle interference in a Mach-Zehnder-interferometer and subsequently move to two-particle interference. Initially, a particle in the optical mode a 1 is prepared in the statê
where |0 denotes the vacuum andâ † 1 is a particle creation operator. The particle impinges on a beam-splitter, which induces the time-evolution
where R and T are the reflection and transmission coefficients of the beam-splitter connecting input modesâ 1 ,â 2 with output modesb 1 ,b 2 . The phase shift acquired upon reflection is chosen to be π. Due to the unitarity of the time-evolutionÛ induced by the optical element, reflectivity R and transmittivity T satisfy R + T = 1. The beam-splitter thus generates a coherent superposition of a particle in the upper and a particle in the lower arm,
where we exploited the invariance of the vacuum under particle-number-preserving time-evolutions,Û |0 ∝ |0 . Subsequently, the particle in the lower arm passes a phase shifter, such that it acquires a phase φ relative to the upper arm,b †
and the state becomes
Single-particle interference in the Mach-Zehnder interferometer. (a) Setup of two beam-splitters and mode labels. A relative phase φ is acquired in the lower arm, leading to interference fringes in the probability to find the particle in the upper output armĉ1. (b) The probabilities for the events can be understood as arising from the coherent sum of singleparticle path amplitudes. They reflect the acquired phase φ.
At a second beam-splitter, the two arms are joined again, and the time-evolution
(similarly to Eq. 2) eventually leads to the final state
from which we can read off the probabilities P (1, 0) and P (0, 1) to find the particle in the upper (first) and in the lower (second) arm respectively. These probabilities
depend on the relative phase φ, acquired between the two arms, since the amplitude for the pertinent event is the sum of the two complex path amplitudes. That is, two physically distinguishable, alternative pathways (the particle travels through the lower mode, the particle travels through the upper mode) are coherently super-imposed, leading to interference fringes as a function of φ. As a result, the probability to observe a granular particle-like event is governed by the wave-like interference of the two pathways.
B. Two-particle interference and the HOM effect
The HOM effect can be understood as an interference effect, but is inherently not a single particle effect as the interfering paths describe more than one particle. Indeed, the HOM effect can not be understood in terms of singleparticle interference.
Instead of a single particle, we now have to consider two identical particles in the two input modes of a beamsplitter:
and detectors placed at the output modes of the beamsplitter as depicted in Fig. 1(a) . Because the particles do not interact, they propagate independently, and the beamsplitter is characterized by single particle dynamics similar to Eq. 2. Since the HOM setup leaves no room for an additional phase shifter as in the Mach Zehnder setup, we will leave the phase that a particle acquires upon reflection a free parameter. The action of the beamsplitter thus readŝ
The relative phase of ϕ can be chosen at will, but unitarity prevents the two relative phases in the relations for a † 1 andâ † 2 to be chosen independently. With this, the final state of the particles after passing the beamsplitter reads
Up to here, the discussion applies to both fermions and bosons, but in identifying probabilities P (2, 0), P (0, 2) to find both particles in the upper or lower arm, or the probability P (1, 1) to find one particle in each arm, one needs to distinguish between the two types of particles.
In the case of bosons, the final state reads
The state remains normalized to unity thanks to the properties of bosonic creation operations, which will be discussed in more detail below.
Focusing on the final state with one particle per output mode,b † 1b † 2 |0 , one can -just like in the Mach-Zehnder interferometer -identify two physically distinct paths that connect the initial and the final states: Either both particles are reflected and feed the component −Rb † 1b † 2 , or both particles are transmitted and contribute to Tb † 2b † 1 . Interestingly, the phase relation between the quantum amplitudes is fixed to −1 = e iπ , independently of the phase shift that a single particle acquires upon reflection. Unitarity requires that the phase shift between a reflected and a transmitted particle is fixed. Moreover, any phase applied in any input mode only contributes as a global phase. Hence, the setup leaves no room to acquire a variable relative phase.
In the case of fermions, all contributions of doubly oc-
= 0, and the final state reads
because of the relation
Independent of transitivity and reflectivity of the beamsplitter, one will thus always find one particle per mode.
The interference between the two discussed pathways is thus constructive in the case of fermions and destructive in the case of bosons. Perfect destructive interference for bosons is achieved for R = T = 1/2, which is the case that gives rise to the HOM effect [1] .
It should also be stressed that these interference effects are manifest in the probability to find two particles in the same mode or to find one particle in each mode. These probabilities are reflected by two-particle observables, i.e. observables made of two creation and two annihilation operators, namelyb
. Proper single-particle observables (containing only one creation and one annihilation operator) like the expectation value for the number of particles in one mode, i.e.b † 1b 1 andb † 2b 2 , yield expectation values of unity for both bosons and fermions, independently of the properties of the beamsplitter, and they show no signature of interference.
C. Many-particle interference beyond HOM: More particles or more modes
In its simplicity, the two-particle, two-mode HOM effect is a paradigm for the quantum behavior of a few indistinguishable particles as it reduces the essence of quantum statistics to a microscopic setting. Ultimately, this microscopic behavior is driven by the same cause as the macroscopic behavior of liquids, solids and gases. By increasing the number of particles and modes involved in the experiment [22] , however, one encounters various surprising aspects, due to the interplay of many-body complexity and many-body coherence [63, 64] .
The behavior of many identical bosons falling onto the two input modes of a balanced beamsplitter exhibits, both granular interference on the level of individual particles, as well as coarse-grained structures that can be described via a semiclassical approach [65, 66] , in which the number of particles is represented by a macroscopic wavefunction without well-defined phase. As a prominent example for a granular interference effect, consider the same number of particles impinging onto a beamsplitter, i.e. an initial state of the form
The time-evolution is directly inherited as in Eq. 13. As a direct generalization of the suppression of the transition (1, 1) → (1, 1), the probability to find an odd number of particles in either output mode vanishes [66] [67] [68] , which can be shown for the general case by symmetry considerations. In one experiment studying multi-particle interference, the suppression of the transition (2, 2) → (3, 1) was accompanied with a narrowing of the temporal width of the interference due to multi-particle effects [69] . On top of this fine-grained interference pattern, a coarse-grained structure appears: When many particles impinge on both . Two-mode many-particle scattering example. Experimental setup on the left and calculation on the right. For many distinguishable particles that impinge on a beamsplitter, we expect to find a binomial distribution (green diamonds). For N = 4 (red circles) and N = 22 (blue squares) bosons that fall onto both input modes of a beamsplitter, the resulting interference pattern exhibits granular even-odd-like patterns, as well as a coarse-grained overall structure, which is reproduced well by a semi-classical approach (black solid line). The abscissa shows the fraction of particles encountered in one output mode, the ordinate is the respective probability, which was normalized such that it matches the continuous probability distribution of the semi-classical approach. Figure taken from Ref. [13] .
modes of the beamsplitter, the probability to find a balanced number in the output modes is suppressed, and unbalanced arrangements are enhanced [66] . The interplay of fine-grained and coarse-grained structures can be seen in Fig. 5 . When increasing the number of modes as well as the number of particles, the number of possibilities to arrange the particles in the modes explodes combinatorially. On the other hand, the freedom in choosing a unitary scattering matrix A that governs the many-mode time-evolution
in analogy to Eq. 13 allows the formulation of very different experiments [70] . While general statistical tendencies -bosons prefer bunched arrangements over spread-out configurations while the Pauli principle for fermions allows only such spread-out configurations [20] -prevail in all configurations, the very computation of individual transition probabilities becomes prohibitively difficult for bosons. Indeed, the transition probability becomes the permanent of the respective scattering matrix [71] , for which the computational complexity is well-established. As a consequence, even the mere simulation of many bosons that scatter off a random setup is a computationally hard problem, dubbed boson-sampling [3] , which has attracted wide interest, fueled also by its experimental feasibility for few photons [72] [73] [74] [75] .
Whereas an unstructured random scattering setup does not allow systematic physical statements on the behavior of the particles in the scattering process, structured setups with symmetries allow the formulation of strong rules for the suppression of output events: If a symmetry is present in the input arrangement of bosons and the setup is symmetry-preserving, the output arrangements need to fulfill the symmetry as well. This principle was applied to the Fourier-matrix [19, 20, 76, 77] , as well as to scattering matrices with other kinds of symmetries [21, 78] . The experimental implementations with up to five photons [23, 79] may also provide one way to verify the functionality of an alleged boson-sampling computer [80] .
D. Bosonic bunching and fermionic anti-bunching
We now turn to understanding the two-particle and many-particle interference in a number of contexts. Returning to Fig. 1(b) , note that independent of the particle species, a given final state with both particles in one mode (either the first or the second one) is fed by exactly one many-particle path. One particle must be reflected, the other one is necessarily transmitted, and no interference of different two-particle paths takes place. Nevertheless, the probability to find both particles in one output mode does not coincide with RT as one might have expected for an event in which one particle is transmitted and one is reflected. This result would hold true for distinguishable particles, but the probability for bosons is enhanced by a bunching factor 2, whereas coincidence events are completely suppressed for fermions. The origin of this behavior is the state-space-structure of bosons and fermions. The Pauli principle for fermions strictly prohibits the multiple occupation of any single-particle state, in any basis,
while the bunching tendency of bosons is reflected by the over-normalization of multiply populated states,
Probing the occupation of the final Fock-state |2, 0 or |0, 2 , allows us to witness the fermionic suppresion and bosonic preponderance of double-occupied states -but not the coherent superposition of several many-particle paths.
The suppression for fermions is by no means specific to the two-particle HOM setup, and applies to manyparticle interference. Indeed, the probability to find several fermions in the same single-particle state is fully suppressed in every thinkable setup -the Pauli principle is universal [81, 82] . Similarly, also the bosonic enhancement of a bunching event in which all particles end in the very same mode fulfills [13, 83, 84 ]
where P B is the probability for n bosons prepared with occupations r 1 , . . . , r l to end in the same output mode, and P D is the analogous probability for distinguishable particles. The enhancement factor n!/ j r j ! is independent of any phases acquired in the system and reflects merely the bosonic state-space-structure.
E. Interference versus statistics
Often, Dirac's famous dictum [85] , "Each photon then interferes only with itself. Interference between different photons never occurs." is said to be overcome in view of the HOM effect. However, it remains fully valid in the present context: The first particle does not interfere with the second -the two particles propagate independently and reach each output mode with a definite probability, independently of the presence of the other one. Nevertheless, coherent superpositions of different two-particle states results in interference, but this interference is only apparent in two-particle observables as discussed in the specific case of the HOM effect above. When probing any single-particle observable, e.g. the average particle number in each output mode, there is no difference between bosons, fermions or distinguishable particles
We have treated the two types of events -doubly occupied bunching events (2,0) and coincident events (1,1) -separately. Indeed, we witness two rather independent phenomena in one setup: The statistical bosonic enhancement or fermionic suppression of multiply occupied single-particle states and the coherent superposition of many-particle paths. Of course, due to the conservation of probability, an enhancement of (1,1) needs to be accompanied by a suppression of (2,0), and vice versa, and it may seem suspicious to view bosonic/fermionic statistical behavior and many-particle interference as two separate physical phenomena. Admittedly, these phenomena have a common origin: the indistinguishability of particles of the same species. The dependence of the (2,0)-event on the (1,1)-probability is, however, not by any means universal, it is unavoidable in the basic twoparticle HOM effect due to the small size of the setup: When increasing the number of modes [86, 87] and/or the number of particles [66] , statistical effects (bosonic bunching and fermionic suppression of multiply occupied events) and many-particle interference (governing coincident events) become quite independent phenomena. In particular, bosons and fermions can exhibit very similar interference patterns in single (or few) particle observables. Many-particle interference on the other hand is much more sensitive to phase variations and a meticulously prepared initial state than statistical bosonic or fermionic effects [20] .
F. Loss of coherence and partial distinguishability
Interference effects can generally be easily be washed out by noise or decoherence. It is illustrative to understand the effect of loss of coherence at the beamsplitter on the HOM effect. To provide an illustrative calculation, we consider here mainly the case of two-particle interference. However, as just mentioned many-particle interference will exhibit different sensitivities.
Further, because the presently discussed interference effects are based on particle indistinguishability, they are also easily affected by imperfect state preparations that make different particles distinguishable by some physical property.
Loss of coherence in the beamsplitter
The beamsplitter with the relation defined in Eq. 2 induces a perfect phase relation between the two outgoing states; that is, the splitting is perfectly coherent.
In order to discuss reduction of phase coherence, it is instructive to consider a beamsplitter following Eq. 13 that describes a coherent operation for any value of ϕ. Ideally ϕ is a constant, and in fact to utilize the HOM effect as a quantum resource ϕ must be controlled, but in real experiments ϕ may fluctuate. In this section, we will briefly discuss the impact of such fluctuations on the HOM effect and entanglement properties of the final state. For further discussion of the mode entanglement associated with the HOM effect see Sec. IV C, where we will assume a non-fluctuating phase can be verified.
The state resulting from the beamsplitter Eq. 13 with a given phase ϕ in an HOM experiment reads
. For a balanced beamsplitter with R = T = 1/2 one will thus always observe perfect bunching independently of the value of ϕ.
In the case of a shot-to-shot-fluctuating phase described in terms of a distribution µ(ϕ), the resulting mixed state (i.e. density matrix) averaged over the phase fluctuation reads
in the basis |2, 0 , |1, 1 , |0, 2 with
and the short hand notation Q = T − R. Because the probabilities for the observation of mode occupations is independent of the value of ϕ, they are also not affected by phase fluctuations. That is, a perfect HOM dip can be observed even for maximal phase fluctuations for which α = 0. These phase fluctuations however have a strong impact on the entanglement properties of the final state [15, 88] . Similarly, many-particle, many-mode interference will see detrimental effects from phase fluctuations.
Partial indistinguishability
If both particles impinging on the beamsplitter overlap perfectly, one observes the HOM effect discussed thus far, but if both particles propagate through the beamsplitter one after the other, no such effect exists. Similarly for atoms distinguished in another degree of freedom such as motion or spin, interference will not occur. To discuss the range of cases in between, we can consider a situation in which the spatial wave functions of both particles do not overlap perfectly. To this end, we can assume the particle in mode 1 to be prepared in the stateâ †
It is instructive to first consider the case in which the two particles do not overlap at all, that is, the classical combinatorial case. From the relatioñ
2 ) one directly reads off the probability RT to find both particles in the first or second output mode respectively, and the probability T 2 + R 2 to find one particle in each output mode.
In the case of a general input state (cos θ a † 2 + sin θã † 2 ) |0 the corresponding probabilities for finite overlap read for bosons
and for fermions
Hence, the overlap of the wavefunctions can be read off in the event probabilities. This makes the HOM effect a direct quantitative probe for indistinguishability.
IV. ENTANGLEMENT AND THE HONG-OU-MANDEL EFFECT
So far, we have examined how interference emerges when indistinguishable particles are superposed among two or many modes, emphasizing the role of multiparticle path interference. We showed that a multiparticle observable cannot be inferred from the expectation of single-particle interference, but rather depends on the quantum statistics of the particles (Sec. III B). When multiparticle observables display correlations that cannot be predicted by single-particle observables, often quantum entanglement plays an important role. However, one must be careful when considering entanglement of identical particles because in this circumstance the typical entanglement criterion of non-separability can be misleading.
In this section, we will explore the entanglement present in the context of the HOM effect and its generalizations. The HOM effect involves multiple particles, but also multiple modes, or paths. We will introduce concepts we refer to as mode entanglement and particle entanglement [15] , which illustrate the different ways non-separability are manifest in relevant quantum states. In particular, we reserve the term particle entanglement for a situation in which, due to entanglement, a physical reality cannot be assigned to a particle individually, and a salient point of our discussion is that no particle entanglement is present in any single or multi-particle HOM effect with spinless non-interacting particles. We will first generally discuss entanglement and related concepts, then, we use these concepts to define entanglement for identical particles in a way that assures the presence of correlated fluctuations associated with the essence of entanglement. Along the way we compare and contrast to prototypical Bell states in the particle's spin or polarization degree of freedom. Bell state creation in atomic physics is mainly associated with entangling interactions, but, as we will describe, generalizations of the HOM effect also enable Bell state creation through measurement, effectively transferring entanglement between external (mode) and internal degrees of freedom.
A. Entangled states
As stated, our goal for this section is to discuss the varying roles of entanglement in the HOM effect, and we do so by first addressing entanglement generally. Entanglement gives rise to correlations of measurement results that can not be accounted for in terms of classical probabilities. A prototypical example of an entangled state is a Bell state. It consists of two distinguishable particles, which we will assume have spatial positions L and R, with internal states |↑ and |↓ that could for example correspond to the alignment of an internal degree of freedom along a quantizing direction. In this basis, the Bell state |Φ + can be written,
Local measurements in the basis {|↑ , |↓ } have maximally undetermined outcomes, i.e. the probabilities to project on |↑ and |↓ are both 50%. Despite the maximal fluctuations in single-particle observables, once the state of one of the particles has been measured, the outcome of a subsequent measurement on the second particle is determined. One will always observe that the particles have the same spin state, and hence two-point observables (i.e. correlations) are not fluctuating. Crucially, this is not limited to measurements in the bases 
of subsystem states |ψ L and |ψ R . Any pure state that cannot be written in this way, such as the state Eq. 28 with respect the spin-1/2 subsystems at L and R, is usually considered entangled. As we will discuss in what follows, identical particles can complicate this somewhat simple diagnostic formula.
B. Symmetrization and separability
Sec. IV A treats the particles as distinguishable. The existence of two degrees of freedom (e.g. spatial position and spin) allows reference to the particle at position L and the one at R, each with its own spin degree of freedom. As such, the quantum statistics of the particles do not have physical consequences. By contrast, in the HOM effect the bosonic particles have a single degree of freedom (spatial position, i.e. mode), and the quantum statistics are essential.
By writing out the quantum states involved in the HOM effect, the complications that arise from identical particles are apparent. Adopting a first quantized notation, we will refer to the particles in the two-particle state as i and ii. In general, if we have a bosonic state with a particle in state |α and the other |β (with α |β = 0), then the symmetrized state is written,
which is manifestly symmetric under exchange of the particle labels i and ii. Although this describes the simple scenario of two particles in orthogonal quantum states, it exhibits non-separability with respect to the particle labels i and ii. This raises the question of whether the nonseparability constitutes entanglement. The goal of the following sections is to bring further clarity to this point, namely, how the non-separability intrinsic to all multiparticle state of identical particles should be squared with entanglement.
C. Entanglement of identical particles
To analyze the presence of entanglement in Eq. 30, we first appeal to the more basic notion of entanglement de-veloped in Sec. IV A. The state |Φ + exhibits correlated fluctuations in the spin basis associated with spatiallyseparated particles. The state |ψ sym , on the other hand, does not exhibit any fluctuations: an observer always measures a particle in state |α and another particle in state |β . In the state |Φ + , the subscripts representing position and the ket arguments representing spin correspond to the eigenstates of observable operators. By contrast, the particle label subscripts i and ii in |ψ sym are not physical as they do not correspond to the eigenstate of any observable. Hence, although the state |ψ sym is non-separable, it lacks the physical properties associated with the state |Φ + . This suggests separability alone is an insufficient metric for identifying entanglement where identical particles are concerned.
Complete set of properties (CSOP) analysis
There is a framework that clarifies the separability conundrum, which is described in Refs. [13] [14] [15] ; we closely follow the treatment of these references here. To motivate the idea behind the framework, one must relax the constraint of separability for non-entangled states, but retain the more fundamental quantum-correlated fluctuations that underlie entanglement.
The framework we summarize is rooted in the following idea. When two particles are non-entangled, one can ascribe a "complete set of properties", i.e. physical reality, to each of the particles, irrespective of which particle it is that carries each of these sets. For the state in Eq. 30, one of the particles is always in state |α and the other in |β . Even though formally the unphysical particle label associated with the states (|α or |β ) fluctuates, there are no measurable fluctuations in any physical observable, and, as such, no entanglement between the particles.
Reference [14] provides a formalism for identifying whether a particle within a two-particle quantum state has a complete set of properties (CSOP). The formalism relies on the construction of the symmetric operator E P , with unity expectation value when one of the particles in a symmetrized two-particle state has a CSOP. To develop the formalism, consider the single-particle Hilbert space spanned by the orthonormal set {x j }. If a Bose-symmetrized state |ψ sym consists of particles with a CSOP, then there is a projector in the single-particle Hilbert space P = |x j x j |, satisfying [13, 14] ,
with,
where the Kronecker product ⊗ is taken with respect to the single particle Hilbert spaces associated with each particle. When these equations are satisfied, one of the particles has a CSOP associated to the state |x j , and the correlated fluctuations intrinsic to entanglement cannot be present. The other particle is always in a state |x (in general, a superposition of states in the orthonormal set excluding |x j ) orthogonal to |x j , satisfying 1 = x| I−P |x = x| l =j |x l x l | x . However, because two bosons can share the same quantum-state, and yield 0 = ψ bos | E P |ψ bos , we must provide the additional prescription that a non-entangled state either satisfies Eq. 31 or describes two bosons occupying the same quantum state. If neither is true, the particles are entangled. The criteria can be summarized as follows: two bosons are not entangled when either they share the same quantum state, or are the symmetrized product of two orthogonal quantum states [13] [14] [15] . While the projection operator E P exists for the exemplary state |ψ sym of Eq. 30, there is provably no such operator for |Φ + and so it exhibits "particle entanglement". Lastly, we show in Sec. IV D that the prescription here in terms of the symmetric operator E P can be equivalently cast in terms of the Schmidt rank, which also provides a useful tool for understanding the effect of interactions.
Applying CSOP analysis to HOM
We now apply the CSOP formalism to elucidate the entanglement in the input and output state in the HOM experiment. We will consider two kinds of entanglement -that we refer to as mode and particle entanglement -and whether each is manifest in the HOM effect. To do so, we will go between a first quantized and second quantized notation where appropriate to the discussion.
We start with first quantization in order to apply the treatment of Sec. IV B to the HOM effect. We consider two spinless bosons that initially occupy distinct spatial modes. These modes could be a propagating free-space mode of a photon or atom, or the bound state of a harmonic potential. We will adopt the latter scenario of a double well with bound states (summarized in Sec. II C) for the following discussion. We will call the bound state modes |L and |R . The initial two-particle state is,
We can now ask whether the particles are entangled according to the metric established in Section IV B. We seek the projector P that satisfies Eqs. 31 and 32. Trivially, if we take P = |R R|, then S| E P |S = 1. The input state |S describes particles that are not entangled, because it lacks any measurable quantum fluctuations that might support correlations [14] . We now consider the output state after HOM interference. In a double well, a tunnel-coupling between two bound states realizes a beam-splitter interaction, inducing the single-particle transformations of the form (irrespective of the particle label),
which when implemented on |S yields,
where in the last line we have introduced a notation for the ouput state, |+ . We now analyze |+ for the presence of particle entanglement. Again, from the orthonormal space {|L , |R } we seek the pure-state projector P = |p p| that satisfies Eqs. 31 and 32. Importantly, |p = (|R + i |L ). One of the particles is always in the spatial superposition given by |α , and the other in the superposition given by |β , and the corresponding symmetrized two-particle state is |+ . According to the prescription from Section IV B the existence of P implies that there is not particle entanglement in the state |+ . Hence, neither the input or output state in the HOM effect requires particle entanglement.
Lastly, we stress that the usage of a double well in the above example does not restrict the generality of the argument. In particular, the double well has the feature that the input modes and output modes are the same (see Fig. 3 ). However, had we redefined the output modes in the above to be distinct from the input modes, the final quantum state would still lack particle entanglement according to the CSOP prescription.
Second quantization and mode entanglement
While the first-quantized picture demonstrates an absence of particle entanglement in the state generated in the HOM experiment, a second-quantized treatment emphasizes the presence of mode entanglement [89] . As described in Sec. III, we are interested in the initial state of two particles occupying two distinct input modes, with associated creation operatorsâ † 1 andâ † 2 . As in Eq. 11, the initial state of two modes each with a single excitation is |Ψ HOM,in =â † 1â † 2 |0 = |1, 1 . This state is physically equivalent to the state |S from the first quantization picture. On the other hand, the output state after a balanced beamsplitter is
(|2, 0 + |0, 2 ), which is equivalent to the state |+ . Note if a single photon were to impinge on one port of the beamsplitter, the output state
(|1, 0 +|0, 1 ) would be similarly mode entangled.
In this second-quantized notation, we now ask whether there is separability between the two physically observable mode degrees of freedom and the Fock state quantum number within each mode. The initial state |Ψ HOM,in is a product state with respect to these degrees of freedom, while the output state is not. Therefore, the initial state lacks mode entanglement, while the output state acquires it due to the application of the beamsplitter. We also stress that there is no logical inconsistency in applying separability in this context, because we are asking about separability between physically observable degrees of freedom, whereas the separability in question within a generic symmetrized state (Eq. 30) is related to the unphysical particle labels.
D. Schmidt Rank analysis
As shown in Ref. [14] , the CSOP prescription can be linked to the Schmidt rank, which quantifies entanglement between the sub-systems of a quantum state. The Schmidt rank provides an intuitive partition between how mode and particle entangled states are generated. Quite sensibly, mode-entangled states can only result when there are interactions between the modes, and particleentangled states can only result when there are interactions between the particles (or projective measurement).
The Schmidt rank treatment discussed here pertains strictly to bosons, but can be modified to the case of fermions. We consider the case of two bosons, 1 and 2, represented in a basis of orthonormal single-particle states {|x j }. We use a first quantized picture in order to emphasize the presence of symmetrization and the emergence of particle entangled states. In general, any Bose-symmetrized two-particle state can be written in first quantization as,
where v q,j is the amplitude associated with particle 1 being in |x q while particle 2 is in |x j . This is the traditional representation, for example, for a pair of particles occupying two orthogonal quantum states. Because these are bosons, symmetrization implies v q,j = v j,q . The matrix v (with elements v q,j ) can be diagonalized [14] , such that we can rewrite the two-particle wave function in the diagonal basis {|x j },
wherev k is the amplitude associated with both particles occupying the same state |x k . To discriminate the presence of particle entanglement, we introduce the "Schmidt rank", which is the number of terms in the summation with non-zerov k . The particles are entangled when the Schmidt rank exceeds two [14, 15] . When the Schmidt rank is two, the state is the symmetrized product of two quantum states (not necessarily orthogonal); when the Schmidt rank is one, the particles are in the same exact quantum state.
The Schmidt rank treatment can be straightforwardly applied to the HOM effect. The input state |S has Schmidt rank of two, with {|x ± } = 1 √ 2 (|L ± |R ). This rank is preserved by the unitary transformation achieved by the beamsplitter to produce |+ , whose first-quantized description is in the format of Eq. 37 (i.e. already expressed in the diagonal basis). Both the input and output two-particle states are the symmetrized product of orthogonal single-particle quantum states. Hence, there is no particle entanglement in the HOM effect. This is to be expected; if one starts with a pair of non-particleentangled bosons in two orthogonal quantum states, then the action of a single-particle Hamiltonian (i.e. no interactions) will leave the state in that form, because the unitary Schrodinger evolution preserves the orthogonality of the evolving states. In other words, the two-particle state remains a symmetrized product of two orthogonal quantum states, and the Schmidt rank of two is invariant with time.
E. Creating particle entanglement through measurement or interactions
When measurement or interactions are at play, it is possible to produce a two-particle quantum state whose Schmidt rank exceeds two, and hence, contains particle entanglement. For example, consider the state |Φ x below, which is related to |Φ + by basis rotation. This state is routinely produced with ions via their Coulomb interaction [90] and single-particle spin rotations. In first quantization, for bosons this state is written, 
When this matrix is diagonalized to yieldv, the diagonal elements ofv representv k associated with Eq. 37. Upon diagonalizing, we have that,
and so, {v k } = {−1/2, −1/2, 1/2, 1/2}. The states (which are the eigenvectors of v) attached to these coefficients are
{− |L, ↓ + |R, ↑ , − |L, ↑ + |R, ↓ , |L, ↓ + |R, ↑ , |L, ↑ + |R, ↓ }. Plugging these coefficients and states into Eq. 37, one finds |Φ x represented in first quantization. Because this expansion is unique [14] and there are four terms, the Schmidt rank is four, implying |Φ x is particle entangled.
Even when interactions are absent, it is possible to create probabilistic particle entanglement through a cooperation of quantum statistics and measurement [91] . This can occur when distinguishable particles -either photons via their polarization or atoms via their spinare placed in an HOM interferometer. The role of measurement is to post-select on a particular symmetrization manifold of a distinguishable state, which allows for selection of a triplet (|Φ + ) or singlet (|Φ − ) in the distinguishing degree of freedom, both of which describe particle-entangled states. For example, consider a pair of bosonic atoms in opposing spin states undergoing a double-well beam-splitter interaction. Because the particles are distinguishable, they do not undergo HOM interference; half the time they will reside in the same well and half the time they will not. Due to the symmetrization of the quantum state, post-selecting on those experiments in which the atoms end up in different wells in turn post-selects on the spin state of the atoms being in a singlet. Hence, measurement allows the probabilistic synthesis of a particle-entangled state. Indeed, this basic principle underlies linear quantum computer architectures with photons, whose lack of interaction does not permit the same kind of entangling gates seen with ions or neutral atoms.
Finally, even in the absence of a spin degree-offreedom, it is possible to generate particle entanglement. In Sec. V we undertake a detailed analysis of interactions of spinless bosons, i.e. only particles with only a spatial degree of freedom, and we give an example of how the Schmidt rank can characterize particle entanglement even in this case (Sec. V B 4).
V. INTERACTION IN TWO AND MANY-PARTICLE INTERFERENCE
Photon experiments naturally achieve a noninteracting system where the dominant effect of quantum statistics is clear. However, in ultracold atomic systems interatomic interaction can easily be relevant. The interplay between quantum statistics and interactions can be highly non-trivial and give rise to novel phenomena absent in photonic systems, and of course is a natural part of condensed-matter systems. In this section we will focus on this interplay. We start by considering the simplest possible system of two particles in a double well. Next we discuss the situation of multiple atoms in a double well and finally treat the most interesting case consisting of many atoms in many wells. We consider both the case of bosonic and fermionic particles. When analyzing the non-interacting case we of course arrive at analogous results to those considered for multi-particle interference with photons in Sec. III C, but it is interesting to see this appear out of formalisms more typical to interacting cold atoms, such as the Bose-Hubbard model.
A. Double well
Two atoms
From a physical standpoint, the main role of interactions is to introduce energy shifts that depend on the number of particles per mode (site). These shifts can then suppress the HOM dip observed with noninteracting particles. This effect can be cleanly seen in the case of a double well potential with two bosonic particles.
The Hamiltonian for the interacting atoms is given bŷ
Here U is the interaction energy cost of having two particles in the same lattice site andn j =â † jâ j is the number operator. For two atoms the Hilbert space is spanned by three states |2, 0 , |0, 2 , and |1, 1 .
A good starting point to study the HOM effect is the state |± = |2,0 ±|0,2 √ 2
. Due to the reflection symmetry of the Hamiltonian only the |+ state couples to the |1, 1 state. The |− is decoupled from the rest. The dynamics in the subspace spanned by the states |1, 1 , |+ reduces toĤ
Consequently if one prepares the system in the |ψ(0) = |1, 1 state at time t = 0, the probability of remaining in that state after some time t, P 1,1 = | 1, 1 |ψ(t) | 2 is given by
with
The minimum value min(P 1,1 (t)) = 0 is only reached for noninteracting particles, U = 0, at the HOM dip when t HOM = π/(4J). Any finite U introduces an energy shift between singly and doubly occupied states. This shift introduces a net detuning that brings the system away from the resonant condition required for perfect destructive interference. In the strong interacting limit U J then P 1,1 (t) → 1. The absence of the HOM dip reflects the suppression of tunneling due to a large onsite repulsion. Two identical fermions will also exhibit P 1,1 (t) = 1, due to the Pauli blockade. In fact, 1D bosons in the U/J 1 limit, and with nearest-neighbor tunneling, exhibit the phenomena known as fermionization [92] . In this case, any observable that can be written in terms of site occupation (number) operators maps to the one computed if the particles were instead non-interacting fermions. Nevertheless, strongly interacting bosons still obey bosonic statistics.
Fermionic particles with an internal spin degree of freedom σ =↑, ↓ that allows the population of sites with two particles in the same mode can exhibit similar behavior to bosonic particles. For the relevant case where one of the atoms is ↑ and the other ↓, the Hilbert space consists of the following states: |↑↓, 0 ,|0, ↑↓ ,|↑, ↓ and |↓, ↑ . Here |↑, ↓ and |↓, ↑ are states with one atom per well in opposite spin configuration and |↑↓, 0 ,|0, ↑↓ states with two atoms in one well and zero in the other. The spins in the doubly occupied states must be in a singlet spin configuration due to fermionic statistics. The Hamiltonian is nowĤ
withĉ σ i fermionic annihilation operators acting on a particle at site i = 1, 2 and spin σ. A good basis to use is the one spanned by the states: |± = (|↑↓, 0 ± |0, ↑↓ )/ √ 2, |S = (|↑, ↓ − |↓, ↑ )/ √ 2, and |T = (|↑, ↓ + |↓, ↑ )/ √ 2. Because tunneling preserves the spin of the particles, and the system exhibits reflection symmetry, the states |T and |− can not tunnel and are decoupled from other states. They have energy 0 and U respectively. The states |S and |+ on the other hand are coupled by tunneling and obey exactly the same equations of motions as those described by Eq. 42. The identical behavior between these states and the corresponding bosonic states can be easily understood by noticing that two fermions in a spin singlet state, have the same symmetric spatial wave function as two identical bosons. Now we proceed to discuss the case of many-atoms and many modes. When the atoms are non-interacting their behavior maps to the one we have already briefly described in Sec. III C. Below, however, we will use a slightly different but complementary approach to describe the physics. Not only can it help the reader to gain a broader perspective, but can also facilitate the understanding of interference in the presence of interactions.
Many atoms
Let's now consider the case of many bosonic particles, N , in a double well. To connect to the N = 2 case let us first understand the non-interacting limit. For that let us remind ourselves of the Hadamard Lemma,
where
Furthermore, we have
Using those properties for U = 0 one finds
where we clearly see oscillations between the two wells. By applying the time-evolution for a finite time t = π/(4J), we obtain again a balanced beam-splitter in the double well.
To understand the role of interactions in the case of many bosonic particles, N , in a double well one can use the Schwinger bosons representation. This naturally emerges by noting that the Hilbert space is spanned by the Fock states |n 1 , N − n 1 , with 0 ≥ n 1 ≥ N , which correspond to having n 1 particles in one well and N − n 1 in the other. Those states can be mapped to a spin S = N/2 particle with magnetic quantum number S z = n 1 − N/2. Using this mapping the Hamiltonian can be written asĤ
In Eq. 52 we have omitted constant terms proportional to (n 1 +n 2 ) 2 and (n 1 +n 2 ), since the Hamiltonian conserves particle number . This Hamiltonian is the so called Lipkin-Meshkov-Glick Model [93] [94] [95] [96] [97] [98] . From Eq. 52, it is clear that tunneling generates rotations of the collective Bloch vector along the x direction.
In the context of the HOM effect, the relevant observable is the probability to populate a state with n 1 atoms in one of the wells and N − n 1 in the other, P n1,N −n1 (t) = | n 1 , N − n 1 |ψ(t) | 2 . When evaluated at t HOM , P n1,N −n1 (t HOM ) is the probability for a particular fraction to be encountered in one of the two outputs of the beamsplitter as discussed in Sec. III C and displayed in Fig. 5 . This probability can be computed from the moments ofŜ
n , the later equation can be inverted and we obtain
where A −1 is the inverse of the matrix A. For the noninteracting systemŜ z (t) = cos(2Jt)Ŝ z (0)+sin(2Jt)Ŝ y (0), and therefore
One clearly sees that Ŝ n z (t) exhibits interference fringes with periodicity τ = π/J in agrement with Eq. 51. Moreover at t HOM , Ŝ n z (t HOM ) = Ŝ n y (0) . If the initial state . Two-mode many-particle scattering example, including interactions between the particles. This plot is to be compared to Fig. 5 , which uses the same parameters, but studies non-interacting particles. The interactions lead to a breakdown of the suppression odd-particle events, a reduction in even outcomes compared to the non-interacting case, and narrow the distribution so that the initial input state is preserved in the output.
is an eigenstate of S z (0) then all odd moments ofŜ y (0) vanish and only the even ones remain finite. If at t = 0, P N/2,N/2 (0) = 1 at t HOM P N/2,N/2 (t HOM ) = 0 reflecting destructive interference. For example for the N = 2 case discussed before,
y (0) = 0, consistent with the expectations. In Fig.6 we show P 11,11 (t HOM ) for the non-interacting system which is the double well analog of the beamsplitter case shown in Fig. 5 .
As in the N = 2 case, a finite U introduces an energy cost to move one particle from one well to the other disrupting the perfect destructive interference exhibited by non-interacting particles, i.e. P N/2,N/2 (t HOM ) > 0. In the large U limit the particle motion is suppressed and lim U →∞ P m,N −m (t) → P m,N −m (0) (see Fig. 6 ) similar to the N = 2 case. From this analysis we see that although the many-particle system exhibits a more complex behavior, one can identify similar features seen in the two particle case.
B. Bose-Hubbard: N atoms in L lattice sites
Let's now consider the situation where N atoms are prepared in L sites of a deep optical lattice where to an excellent approximation only nearest-neighbour tunneling is relevant. We assume that interactions are local and experienced when two or more atoms occupy the same lattice site. The Hamiltonian describing this situation is the Bose-Hubbard model given bŷ
Here i, j means nearest-neighbor lattice sites.
The Bose-Hubbard model dynamics shares many common features to the ones described in the double well setup. To illustrate the similarities we will first consider two limiting cases, U = 0 and U → ∞. We will restrict the analysis to a 1D lattice.
U = 0
In the non-interacting limit, the Hamiltonian reduces toĤ BH = −J i,j (â † iâ j ) and can be exactly diagonalized by the unitary transformation (assuming periodic boundary conditions
L n q is the quasimomentum n q = 0, . . . , L − 1. Using it, one can compute the evolution of the operator
Bessel functions of the first kind. Note that in contrast to the double-well case the dynamics is no longer periodic with J. Instead the particle exhibits a quantum random walk as a function of time. Using the fact that for x n 2 J n (x) ∼ 2 πx cos(x − π/4 − nπ/2), one can see that transport of the particle is ballistic, because the probability density of a particle initially localized at site n is n m (t) = â † m (t)â m (t) = |J m−n (2Jt)| 2 , which expands linearly in time.
In the case of N identical bosons initially localized at sites {n 1 , . . . , n N }, the evolution of the equal time normal ordered correlator P m1,...,m
is given by the permanent (see also Sec. III C) of the following matrix
. This observable displays the key ingredients required for the HOM: (1) quantum statistics, which manifests in the requirement to compute the permanent of single particle functions, and, (2) coherent superposition of paths, which arise because of the nonzero contribution of the interference terms when the square of the permanent is computed. To explicitly observe the contribution from (1) and (2), let's consider the simple case of two particles initially located at sites L/2 and L/2 + 1. The probability of finding the particle at the same initial location is given by P n1=L/2,n2=L/2+1 (t) = |A 
U → ∞
In the strongly interacting limit, the repulsion between the particles forbids the population of sites with more than one particle and in one dimension, the local observables of the bosonic system resemble the ones of noninteracting fermions. In this limit, instead of the permanent one needs to compute a determinant
If one analyzes the two particle case, as we did above, one obtains The above equation implies that the set of states that can be produced with both the tunneling and interactions is larger than what can be produced with just tunneling [99] . During the dynamics tunneling and interactions couple the modes and the particles, respectively [10] and thus mode and particle entangled states are not mutually exclusive. The tunneling produces the number fluctuations among the modes (in this case, these are the lattice sites), but the interactions allow for states that are truly particle entangled. The states exhibit number correlations inaccessible to systems exhibiting only tunneling. To further elucidate this notion, in the next section we discuss a specific example of a particle-entangled state of spinless, indistinguishable bosons.
Application of Schmidt rank to Bose-Hubbard example
In Sec. IV D, we showed how the Schmidt rank indicates entanglement for the canonical example of a Bell-State of distinguishable particles. The dynamics of the Bose-Hubbard model illustrate how particle-entangled states of spinless bosons -that is, indistinguishable particles with only a spatial degree of freedom -can emerge as well. For example, in the recent publication of Ref. [10] , a pair of strongly-interacting particles undergoes a quantum walk under the influence of the BoseHubbard Hamiltonian, with J U . In this limit the two particles form a bound state which tunnels as a single object with an effective tunneling rate J 2 /U . Starting from the initial state |ψ(0) = (a † 0 ) 2 |0 , the particles remain largely bound and undergo a quantum walk with an effective tunneling rate of 2J 2 /U . In time, the state evolves as,
where n is the site index, J n is the Bessel function of the first kind, and t is time. For times where more than two terms in the summation are non-vanishing, the state exhibits particle entanglement. This can be seen by rewriting |ψ(t) in the first quantization decomposition of Eq. 37,
where |n is the localized single-particle wavefunction of site n. This summation will exhibit more than two terms whenever the doublon is delocalized over more than two sites, which occurs quickly after a few effective tunneling times of (J 2 /U ) −1 . By contrast, in the absence of interactions, two particles would independently tunnel leading to a symmetrized wavefunction of Schmidt rank equal to 1.
VI. ENTANGLEMENT ENTROPY
In addition to the challenges of classifying and generating quantum entanglement, its quantification presents yet another experimental obstacle. While HOM interference can be exploited to generate varying types of entanglement, generalized HOM interference can be harnessed to detect entanglement in many-body states, as we discuss in the following.
One way of mathematically quantifying entanglement is through the entanglement entropy. It quantifies the degree of non-separability across a cut that partitions the system into subsystems. For example, for a chain of spins, one might ask how the spins in the right half of the chain are entangled with those in the left half. Or, for a Bose-Hubbard chain, we might consider mode entanglement between the right and the left half of the system. In general, we can ask whether a state is separable by introducing a cut through the system, thereby defining two subsystems each with an associated complete basis in the left and right Hilbert spaces (H L and H R ) (Fig. 7) .
For any bipartite state |ψ , there is a unique decomposition -the Schmidt decomposition -such that,
where for the different terms in the sum we have χ
The state |ψ is non-separable whenever there is more than one non-vanishing term in this sum; otherwise, the state is a product state with respect to the partitioning. Entanglement entropy is linked to the degree of mixing of the reduced density matrix of just one of the subsystems, namely,
where S = L, R. Whenever |ψ is entangled, ρ S is a mixed state because there is more than one term in the sum in Eq. 63. When a subsystem state is mixed and the full system state is pure, the full system state is entangled. Hence, we refer to the loss of local purity, or, equivalently, the generation of local entropy, as entanglement entropy. It can be quantified with the von-Neumann entanglement entropy
). The n = 2 Rényi entropy is the logarithm of the purity of the subsystem density matrix.
By definition, entanglement is invariant under coherent dynamics within the individual subsystems (local unitaries) [100] ; that is, a state U L ⊗ U R |ψ , with unitaries U L and U R on the left and right subsystem, carries the same amount of entanglement as the state |ψ . The experimental assessment of entanglement following a setup with both left and right subsystems as input of a beam splitter [101, 102] will not necessarily assign the same amount of entanglement to |ψ and to U L ⊗ U R |ψ , but there are functions of quantum states that are invariant under all local unitaries. The norm is a particularly simple example, but it provides no information on entanglement properties. All other invariant functions are necessarily non-linear in |ψ and ψ| (or the density matrix in the case of mixed states), and the simplest nonlinear function is bi-linear. Because all measurements on quantum mechanical systems yield expectation values ψ| A |ψ of an observable A, i.e. a linear function, nonlinear functions can be measured only with extra effort.
A way to realize the measurement of bilinear functions is to work with two versions, also called twins, of a quantum system simultaneously. The two twins of the left half are described in terms of the Hilbert space H L ⊗ H L rather than the Hilbert space H L of a single twin. Analogously, the two twins of the right half are described in terms of the Hilbert space H R ⊗ H R . The central idea is to prepare the two twin systems, each consisting of a left and a right twin, in the same fashion [103, 104] . The state of both twins together is then given by |ψ 1 ⊗ |ψ 2 , where |ψ is the state of an individual twin, and the index '1' and '2' labels the two twins. Expectation values of such twin states provide a characterization and quantification of entanglement, which has the desired invariance properties [105] [106] [107] [108] [109] .
The degree of mixing of reduced density matricesˆ L,R that quantifies the entanglement of the underlying pure state [110] [111] [112] [113] can be expressed as
in terms of two identical, reduced density matrices S , where Π S is the permutation operator defined via the relation Π S |i S1 ⊗ |j S2 = |j S1 ⊗ |i S2 , where |i/j S1 are subsystem states of the first twin of subsystem S and |i/j S2 are states of the second twin. Consequently, proper entanglement measures for pure states |ψ can be constructed based on expectation values of the permutation operators Π L and Π R with respect to the twin-state |ψ ⊗ |ψ [114, 115] . In the case of mixed states, the local purities alone can not assess entanglement properties, because for example a direct product of mixed single sub-system states would be consistent with low local purities. The entanglement of mixed states can, however, be estimated if in addition to local purities also the purity of the entire state is accessible [116, 117] . The resulting quantitative estimate is particularly good for weakly mixed states [118] ; and it remains valid under imperfect preparation of the copies [119] as long as they remain uncorrelated [120] .
Such assessments of entanglement in terms of purities were implemented for photons [121] [122] [123] but current experiments with atomic gases permit to implement analog measurements for substantially larger systems [124] [125] [126] .
The realization of the required measurement of permutation symmetry for the twin-states of each subsystem can indeed be based on a beam splitter with the action
whereâ † S1 andâ † S2 are the creation operators for the two twin-subsystems under consideration. Its action on a Fock state
reads
Because the application of the permutation Π amounts to the exchange ofâ † S1 andâ † S2 , from Eq. (67) one can directly read off the relation Π S |χ ij S = (−1) j |χ ij S .
That is, the beamsplitter maps states with an even number of particles in the second twin-subsystem onto states the are symmetric under Π, whereas states with an odd number of particles in the second twin-subsystem are mapped onto anti-symmetric states. Because the beamsplitter operation is self-inverse, also any symmetric state is mapped onto a state with an even number of particles in the second twin-subsystem, and any anti-symmetric state is mapped onto a state with an odd particle number. Consequently, local purities can be measured with the help of the beamsplitter in Eq. (65) and a measurement of particle number that can be realized with state of the art optical read-out methods [127, 128] . For the measurement of the global purity of an N -body system one merely needs to notice that the global permutation is just the tensor product of all local permutations. That is, the ability to measure all local purities is sufficient to measure the purity of the N -body states, and of the purities for all M -body (M < N ) reduced density matrices [126, 129] .
In a recent experiment [30] with 87 Rb atoms in an optical lattice entanglement for systems of up to four atoms (per twin) was observed. The system can be modeled well with a Bose-Hubbard Hamiltonian (Eq. (55)). It induces the beam splitter relation defined in Eq. (2) , that differs from Eq. (65) in terms of the phase shift that a particle acquires when tunneling. The difference between both beam splitters could be compensated through appropriate phase shifts exp(±i π 2â † S2â S2 ) before and after the beam splitter. The measurement of the particle number is un-affected by any phase shift after the second beam splitter, so that no phase shift after the beam splitter needs to be applied. If, however, the necessary phase shift before the beam-splitter is not applied, a measurement of particle number in the second twin systems, results in the measurement of trˆ exp(i , this still results in a reliable lower bound of the purity. In addition, for Fock states, the phase shift before the beam splitter results in a global phase without observable consequences, so that the beam splitter Eq. (2) including phase shift results in the correct assessment of purity for all experimentally investigated states.
In the regime of strong interactions U J, the ground state is a Fock state with no mode entanglement, but with growing J/U , the atoms get increasingly delocalized and mode entanglement builds up. Rather high purities for single-site and two-site reduced density matrices were observed for U/J 10, and, in the regime 10 U/J 1 a rapid decrease in purity was observed, consistent with the theoretical expectation. The purity of the four-atom state showed no significant change in purity during the variation of U/J, which underlines that the changes in local purities are indeed a result of mode entanglement, and not merely of an increase of entropy that could result from experimental imperfections.
In the superfluid regime J U , one expects that the dynamics following the preparation of a Fock state would result in periodic oscillations of mode entanglement. For a system with two atoms and two sites, the dynamics fol- 
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FIG. 7. Entanglement entropy. (a)
A quantum state can be partitioned into subsystems L and R, that represent subspaces of the full Hilbert space in which the quantum state lives. When the quantum state is pure and non-entangled, it can be written as a separable product of pure states in L and R. When it is pure and entangled, the full quantum state cannot be written this way, and in either subspace the state is mixed, i.e. entropic. (b) Through the use of beamsplitter interactions and number-resolved counting, it is possible to measure local and global quantum state purities. In particular, the counting statistics (the parity) after the application of a beamsplitter is sensitive to quantum state overlap of interfered states, from which purities can be deduced. This allows for the measurement of entanglement entropy. Images adapted from Ref. [30] .
lowing the initial state |1, 1 , would result in a balanced superposition of all three accessible Fock states |0, 2 , |1, 1 and |2, 0 (at Jt = arctan( √ 2)/(2π)) ∼ 0.68, i.e. the state with highest mode entanglement achievable in this system. At Jt = π/(4) one would expect a balanced superposition of the two states |0, 2 and |2, 0 which has less mode entanglement. Subsequently the system evolves again into a maximally entangled state, followed by the separable initial state [30] .
VII. CONCLUDING REMARKS
Increasingly, ultracold atom experiments have turned to single-atom imaging and manipulation to gain a new level of understanding. With this perspective, a variety of experiments akin to those with single photons have appeared, and the Hong-Ou-Mandel effect with atoms is exemplary of such newly-enabled experiments. A goal of this article was to discuss fundamental concepts that consequently arise -such as many-particle interference and entanglement of identical particles -which until now were not prominent players in ultracold atom studies. Bringing these concepts to the fore also emphasizes the new opportunities that arise with ultracold atoms, due to efficient detection, the ability to introduce interactions, and by being massive. Applying these capabilities to experimental directions inspired by photonic protocols have, and will, continue to lead to new directions.
Future experiments may harness many-particle interference of atoms in a variety of ways. As addressed above, the incorporation of quantum beamsplitters into cold atom technology has allowed measurement of entanglement entropy through many-particle interference, yielding an intersection of ideas in quantum optics, atomic physics, and condensed matter physics. Many-particle interference is also fundamental to the boson sampling problem, for which cold atom technologies could augment the accessible system sizes and complexity. Furthermore, photons are routinely entangled in polarization or frequency degrees of freedom by utilizing measurement and quantum statistics; the entanglement results from multiparticle interference, and circumvents the challenge of producing entanglement with non-interacting particles.
From a theoretical standpoint, the subtleties surrounding entanglement of identical particles raises several questions. This article addressed the case of entanglement between two particles, relying on the CSOP prescription. As just noted, there are many future pursuits that entail large samples of atoms; delineating the various forms of entanglement in such cases will be of significant import, and are not within the scope of the CSOP criterion. Relatedly, experiments are naturally imperfect and create only approximately pure quantum states, that is, the states are mixed: theoretically defining particle entanglement in mixed quantum states of identical particles will be similarly important, both for classifying and devising methods for quantifying entanglement.
